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ON  THE  STRESS  DISTRIBUTION  IN  THE  ADHESIVE  INTERLAYER 

OF  A  MODEL  JOINT  WITH  RIGID  ADHERENDS  -  W.  G.  KNAUSS 

We  assume  that  Poisson's  ratio, v  ,  is  a  constant  and 
that  only  Young's  modulus,  E  ,  is  a  (viscoelastic)  time- 
dependent  function,  E£t)  . 

The  formulation  of  the  two-dimensional  boundary  value 
problem  starts  with  listing  the  field  equations.  We  consider 
all  field  functions  to  depend  on  the  spatial  coordinates  X  , 
y  ,  and  time.  Laplace  transformation  (indicated  by  a  bar 
over  the  field  quantity)  introduces  the  Laplace  parameter  p  . 


'Y..  .  «  o 

equilibrium  equation 

(1) 

<f)  =  Airy  stress 

(2) 

function 

*  ^4*X 

sb  O  compatibility  (3) 

equation(s) 


IOJ  IvU 


*3*  pf"(^ 


TTP°jj) 


14V 

Pi 


stress -strain 
relations  (plane 
stress) 


(4) 


3u. 

K  =  <)X 

u  -  £5: 

^  ay 

oT  -  3  a 

26‘J  -  37 


strain-displacement  (5) 

relations 


Besides  satisfying  these  field  equations  the  stresses 
and  displacements  must  satisfy  the  boundary  conditions. 


4 


/r  *  //  r  *  /  /  7 — /  /  /  r7  7/. 

k - L - -+ - L - * 


$ 


u 


We  assume  rigid  adherends 


on 

u.  *  ueC*)  j  v-o 

u*-u.(t)«  Tr*o 

on  X  *  L 

Ox  "  *  ° 

X*-L 

OJt  *  *7*^  B  o 

or 

<Z*U.  j  %r*o 

(6a) 

or 

u  * -u,  •  v  *  o 

or 

oj  *  v° 

(6b) 

or 

oj,.  1j,*o 
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m*-  - 


Because  Equation  (3)  is  independent  of  material  properties, 
we  find  f  independent  of  £.  We  find  the  stresses  0*,  , 

from  Equation  (2)  in  terms  of  <j>  ,  and  these  are  independent 


of  E  .  Define  V/=  — 


•  E'w*  ,4^  •  °r  e'- 


Then  we  find  from  Equations  (4)  and  (5)  that 


pir  1Z  =  OL  -  -v'o^ 


In  order  to  be  able  to  apply  the  boundary  conditions  of 
Equation  (6a),  we  integrate  Equation  (7)  to  find 

pTu  =  F(xj1j  PjT)  =  ft5.  -v'O))  J«  *  ?  (Mj  f)  (8a) 

pf'-v-  =>  G^a.J^PjV)  -  p)  (8b) 

The  F  and  G  denote  functions  of  the  coordinates  X,  y ,  of 
the  constant  Poisson's  ratio,  V,  and  the  Laplace  parameter 
p .  The  latter  dependence  enters  through  the  dependence  of 
the  stresses  on  p ,  not  directly  through  the  material  property 
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£  or  E  .  The  functions  •£( p)  and  g  (x.,  p)  are  determined 
by  substituting  Equations  (8a)  and  (8b)  into: 


3a  _  2 O'*  v)  =  J__  2 

dg  3X  “  pi"  1 

In  this  latter  substitution  operation,  the  modulus  E.'  will 
drop  out.  So  far  then,  the  stresses  are  not  functions  of 
.  E  enters  through  the  boundary  condition  given  by 
Equation  (6a).  From  Equation  (8)  we  have 


~  plr  G  p^**0 


(10) 


Boundary  condition  of  Equation  (6a)  requires 

T;(Xj  ihj  t)»o 

and  therefore  &(*}  -  Hj  P,v)  *  o  and  does  not  introduce 
or  E' .  The  conditions 

a.  =p£  F(x.«Sf4r)  =>  pE'u. .  <Ua) 


J  pj  **0  =)>  p  E'u,  *  -  (lib) 
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say  that  F  is  an  odd  function  in  .  Let  be  that  odd 
function  so  that  Equation  (lib)  is  satisfied  if  Equation  (11a) 
is  satisfied.  But  ffe  depends  on  E* ,  but  only  in  a  product 
form  with  Thus  the  function  F*.  is  proportional  to  the 

product  E"u0  .  But  this  makes  the  whole  solution  propor¬ 
tional  to  the  product  E^u,  .  U*(t)  or  Xt®  is,  of  course, 

the  only  forcing  function  and  thus  all  stresses  and  displace¬ 
ments  are  proportional  to  it.  If  ^  is  proportional  to 
E'ue  then  from  Equation  (10)  it  follows  that  U  is  pro¬ 
portional  to  UA  ,  but  not  to  E'  ,  nor  to  ^  .  Furthermore, 
the  stresses  are  also  proportional  to  E*  or  E^,  and  E^  (or 
If''  )  is  factored  out  of  the  functions  for  the  stresses. 


We  now  turn  the  problem  around  in  the  sense  of  pre¬ 
scribing  the  loading  on  the  rigid  adherends  and  ask  for  the 
resulting  creep  displacement. 


Choose  the  displacement  function  UoM  such  that 

UoOO  »  dVO 


then  DM  *  DM 

and  p  D*  E*  *  1 

then  “»E'  =  “*  => 


a.  *  O'M 

(creep  compliance  in  tension) 
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this 


Since  the  stresses  were  proportional  to  , 

choice  of  U«(*)  now  makes  the  stresses  independent  of  E"  . 

In  fact,  the  stresses  will  be  time* independent  and  the  dis¬ 
placements  will  increase  with  time  as  the  creep  compliance. 

Integrate  Txy  over  X  along  t  h.  That  total  load 
is  also  time  independent.  We  have  now  essentially  the  bond 
problem.  A  constant  load  is  accompanied  by  a  time-indepen¬ 
dent  stress  distribution  and  by  time  dependent  creep  dis¬ 
placements  . 

This  was  possible  only  because  we  assumed  Poisson's 
ratio, V  *  constant,  and  because  we  could  prescribe,  a  priori, 
the  displacements  at  ysiH  on  rigid  boundaries. 
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